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a b s t r a c t
The Riemann problem for two-dimensional Chaplygin gas is considered for the case with
three constant states. With the help of the generalized characteristic analysis method,
the Riemann problem is classified into eight genuinely different cases; the structures of
the Riemann problem solutions are analyzed and corresponding numerical solutions are
illustrated using the numerical generalized characteristic analysis method. We find that a
delta-shock wave appears and interacts with the simple waves in some cases.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
The two-dimensional compressible Euler system for isentropic gas takes the form
ρt + (ρu)x + (ρv)y = 0,
(ρu)t + (ρu2 + p)x + (ρuv)y = 0,
(ρv)t + (ρuv)x + (ρv2 + p)y = 0
(1.1)
where the variables (u, v), ρ and p represent the velocity, the density and the pressure. The initial data for a general Riemann
problem are constant along radial directions from the origin and piecewise constant as a function of angle. There are a set
of conjectures offered by Zhang and Zheng in [1] for the solutions to the two-dimensional Riemann problem. Numerical
simulations for data of this type have been performed by Chang et al. [2,3], Schulz-Rinne et al. [4], Lax and Liu [5,6], Kurganov
and Tadmor [7], Li et al. [8], and Glimm et al. [9], among others. Recently, there has beenwork by Li et al. [10–14] concerning
the existence of classical self-similar solutions for the interaction of two arbitrary planar rarefaction waves in vacuum and
there are other related results, such as the papers [15–25].
The equation of state of the isentropic Chaplygin gas is of the form
p = − 1
ρ
. (1.2)
Eqs. (1.1) and (1.2) were introduced by Chaplygin [26], Tsien [27] and von Karman [28] as a suitable mathematical
approximation for calculating the lifting force on a wing of an airplane in aerodynamics. Recently, the Chaplygin gas has
been suggested as a possible model for dark energy [29–32].
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Fig. 1. The initial data for the three-wave Riemann problem.
For the one-dimensional case, the Chaplygin gas is just the Born–Infeld system, which is a nonlinear version of the
Maxwell system [33]. Brenier [34] studied the one-dimensional Riemann problems and obtained the solutions with
concentration. Furthermore, he investigated the results with the Lax–Friedrichs scheme. Now, many mathematicians are
interested in this system. In 2009, Serre [35] studied the interaction of pressure waves for the 2D isentropic irrotational
Chaplygin gas. He constructively proved the existence of transonic solutions for two cases: a saddle and a vortex, for the
2D Riemann problem. In 2010, Guo et al. [36] considered the 2D Riemann problem for the Chaplygin gas. They divided this
problem into 14 cases and constructed solutions for supersonic domains case by case, except for the case 2J+ + 2J−. We
refer the readers to [37] for more details. Recently, Lai et al. [38] discussed simple waves for two-dimensional self-similar
flow for the Chaplygin gas and found a new type of discontinuity which is a discontinuity supported by a pressure delta
function in the course of constructing the global solutions. In addition, we refer the readers to the paper [39] and references
cited therein for related results.
In this paper, we are concerned with the Riemann problem in three pieces for Eqs. (1.1) and (1.2). Our initial data are
located as indicated in Fig. 1 in the initial plane:
(ρ, u, v) = (ρi, ui, vi), i = 1, 2, 3. (1.3)
For this special Riemann problem for two-dimensional Euler equations, we can refer the reader to [40]. In that paper, Li and
Yang consider two kinds of combinations: JRS and three Js with the corresponding numerical solutions calculated by the
MmB (maximum–minimum bounds) scheme. In [41], Cheng, Liu and Yang study interactions among delta-shocks, vacuums
and contact discontinuities and discover Mach-reflection-like configurations in some solutions. One can see the papers [42,
43] for related results.
We use the positive scheme [5,6] and take γ = −1 in the Chaplygin gas. Using the numerical solutions, we draw
characteristic curves, stream lines and sonic curves, and then do some analysis on their causalities [9]. With the help of the
generalized characteristic analysis method (abbreviated as GCAM) [1–3,8,44] and the numerical generalized characteristic
analysis method (abbreviated as NGCAM) [9,45,37], we analyze and construct the solutions for supersonic domains one by
one; this reveals eight different kinds of structures. Moreover, we find that the delta-shock wave appears in some solutions.
In particular, we discover the interaction of the delta-shock wave and a simple wave in such two-dimensional cases.
This paper is organized as follows. In Section 2,we give some preliminaries for the 2D Chaplygin gas using the generalized
characteristic analysis method and recall the numerical generalized characteristic analysis method. In Section 3, we study
the classification of the Riemann problem, and then analyze the structure of the Riemann solutions for each configuration
using GCAM and NGCAM.
2. Preliminaries
In this section, we recall the generalized characteristic analysis of the constant state which can be found in [36], and for
more details we also cite [1,8,44]. The so called generalized characteristic analysis method, denoted as GCAM, is the analysis
of characteristics, shocks, sonic curves and the law of causality in the transonic flow [9].
2.1. Generalized characteristic analysis
Performing the self-similar transformation ξ = x/t, η = y/t , (1.1) and (1.3) can be reduced to
−ξρξ − ηρη + (ρu)ξ + (ρv)ξ = 0,
−ξ(ρu)ξ − η(ρu)η + (ρu2 + p)ξ + (ρuv)η = 0,
−ξ(ρv)ξ − η(ρv)η + (ρuv)ξ + (ρv2 + p)η = 0
(2.1)
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Fig. 2.1. GCAM for constant states.
and the boundary values at infinity, i.e.,
lim
ξ2+η2→+∞
ξ/η=arctan θ
(ρ, u, v)(ξ, η) = (ρi, ui, vi), i = 1, 2, 3. (2.2)
For simplicity, we shall omit ‘‘pseudo-’’ in pseudo-steady flow. The eigenvalues of (2.1) are
λ0 = VU (flow characteristic), (2.3)
and
λ± = UV ±
»
c2(U2 + V 2 − c2)
U2 − c2 (wave characteristics), (2.4)
where (U, V ) = (u− ξ, v − η), which is called the velocity, and c = 1
ρ
, which is called the speed of sound. System (2.1) is
of mixed type, i.e., the flow is transonic:
(a) System (2.1) is hyperbolic (supersonic) if U2 + V 2 > c2.
(b) System (2.1) is elliptic (subsonic) if U2 + V 2 < c2.
(c) System (2.1) is parabolically degenerate (sonic) if U2 + V 2 = c2.
It is easy to prove that system (2.1) with (1.2) is fully linearly degenerate, i.e., all of its three kinds of characteristics are
linearly degenerate and all jumps are contact discontinuities. We give the following definitions [36].
Definition 2.1. A contact discontinuity is called a slip line, denoted by J , if [ρ] = 0.
This kind of contact discontinuity can be classified into two kinds according to the sign of the vorticity:
J± : curl(u, v) = ±∞. (2.5)
Definition 2.2. A contact discontinuity is called a rarefactive (compressive) discontinuity, denoted by R (S), if the density
decreases (increases) along the stream lines when they go through the discontinuity.
R, S and the stream lines all come from infinity. R (S) can be classified into two kinds, which are denoted by R+ (S+) if it
is clockwise from R (S) to the stream line, and R− (S−) if it is counterclockwise from R (S) to the stream line.
For the analysis of our numerical results in the following, we show the generalized characteristic analysis for the constant
state, rarefaction wave and shock, which were proved by Chang (Zhang), Chen, Li and Zheng for 2D compressible Euler
equations [1–3,8,44] and by Guo et al. for the 2D isentropic Chaplygin gas system [36]. As for the 2D pressure-gradient
equations, we can refer the reader to [46,8,44] and references cited therein. In this paper, we consider the 2D isentropic
Chaplygin gas system as follows [36]. (i) Constant states: (ρ, u, v) = (ρ0, v0, u0).
The sonic curve is a circle:
(ξ − u0)2 + (η − v0)2 = c20
whose center is the point (u0, v0). The flow is subsonic inside the circle and supersonic outside the circle. The stream
lines (denoted by λ0 in Fig. 2.1) are all rays starting from infinity and focusing at the center of the sonic circle. The wave
characteristic lines (denoted by λ±) are straight lines. They are perpendicular to the stream lines at the sonic circle and
must be tangent lines of the circle. They come from infinity and end at the sonic circle (see Fig. 2.1).
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Fig. 2.2. GCAM for discontinuities R± .
Fig. 2.3. GCAM for discontinuities S± .
(ii) Forward and backward rarefaction contact discontinuities R± connecting (ρ1, u1, v1) and (ρ2, u2, v2) (see Fig. 2.2):
R± :

ξ = u+ 1
ρ
,
u2 − u1 = −
Ç
1
ρ2
− 1
ρ1
å
,
v2 = v1, ρ2 < ρ1,
η ≷ v1.
(2.6)
The rarefaction contact discontinuities R+12 and R
−
21 come from infinity, are tangential to the sonic circles C1 and C2, and end
at the same point P .
(iii) Forward and backward compression contact discontinuities S± connecting (ρ1, u1, v1) and (ρ2, u2, v2) (see Fig. 2.3):
S± :

σ = u+ 1
ρ
,
u2 − u1 = −
Ç
1
ρ2
− 1
ρ1
å
,
v2 = v1, ρ2 > ρ1,
η ≷ v1.
(2.7)
The compression contact discontinuities S+12 and S
−
21 come from infinity and are tangential to the sonic circles C1 and C2, and
end at the same point P .
(iv) Positive and negative slip lines J± connecting (ρ1, u1, v1) and (ρ2, u2, v2) (see Fig. 2.4):
J± :
®
ξ = u1 = u2,
ρ2 = ρ1, v2 < v1, or v2 > v1. (2.8)
It seems that we cut the constant states along the stream line ξ = u1 = u2 into two parts and slip them up and down.
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Fig. 2.4. GCAM for discontinuities J± .
2.2. Numerical generalized characteristic analysis
In this section,we recall the numerical generalized characteristic analysismethod [9,45,37]. In our numerical simulations,
the computational domain is the square [−0.5, 0.5] × [−0.5, 0.5] and the discrete time is t = T0. We fix the mesh grid as
dx = dy = 1/800, λx = λy = 0.1, and unless otherwise stated, the discrete time is T0 = 0.1.
Firstly, we discuss the algorithm for characteristics. Starting at the top boundary, we solve (2.4): dηdξ = λ+ to obtain the
numerical characteristic line λ+, using a second-order-accurate Runge–Kutta scheme. The solution for λ+ is continued up
to the sonic curve and ends on it. As for the family λ−, we adopt the same procedure as above.
One of the numerical simulations is carried out to establish the existence of rarefaction or compression discontinuity,
a simple wave and a delta-shock wave. For this purpose, we plot ρ versus distance along a stream line numerically. The
stream line is obtained numerically by solving (2.3): dηdξ = VU = v−ηu−ξ , similarly to the wave characteristics. The solution to
(1.1) and (1.2) is called a compression discontinuity if (1, u, v) · (ρt , ρx, ρy) > 0; otherwise it is called an expansion (or a
rarefaction) discontinuity. We notice the fact that
t
dρ(t, x, y)
dt
= t(1, u, v) · (∂t , ∂x, ∂y)ρ = (u− ξ, v − η) · (∂ξ , ∂η)ρ = dρ(ξ, η)ds (2.9)
where ddt is evaluated along the trajectories of gas particles in (t, x, y)-space, and
d
ds is the directional derivative along the
pseudo-stream line in (ξ , η)-space [8,9,45,37]. According to (2.9), a positive value for this derivative indicates a compression,
and a jump indicates a compression discontinuity.
3. Structures of Riemann solutions
In this section, we solve the three-constant-state Riemann problem (1.1) and (1.2). For the Euler equations, the pressure-
gradient system and the zero-pressure gas dynamics, one can see [40,43,42,41]. By a self-similar transformation, the initial-
value problem (1.1)–(1.2) is transformed into the boundary-value problem of (2.1) with the boundary condition.
In order to construct Riemann solutions, we need to clarify how these elementary waves interact and match together.
According to the fact that both discontinuities R and S are tangential to the sonic circle and end at it, the three-constant-state
2D Riemann problem for the isentropic Chaplygin gas can be classified into the following eight cases:
(1) J + 2R : R+12J+23R−31
(2) J + 2S : S+12J−23S−31
(3) J + S + R : R+12J+23S+31 S+12J−23R+31 J+12S−23R−31 J−12R−23S−31
(4) 3J : J+12J+23J+31 J+12J−23J+31.
In what follows, we will employ the GCAM to construct the solutions case by case, and use NGCAM [9,45,37] to analyze
each case.
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Fig. 3.1.1. GCAM for Case 1.1.
Fig. 3.1.2. Left: density contours (light), Mach contours with M = 1.0 (bold) and stream lines I and II (arrow); right: plot of ρ(s) versus s along stream
lines I (s = y) and II (s = y).
Case 1, J + 2R: R+12J+23R−31. In this case, we choose θ1 = π/2, θ2 = π/4 and θ3 = 5π/4. The three constant states must satisfy
the following system:
u2 − u1 = −
Ç
1
ρ2
− 1
ρ1
å
, v2 = v1, ρ2 < ρ1;
v3 − v1 = −
Ç
1
ρ3
− 1
ρ1
å
, u3 = u1, ρ3 < ρ1;
ρ2 = ρ3.
According to [38], we know that there exists a critical value, i.e., C1 = (
√
2− 1)C2. We divide this case into two subcases:
Case 1.1, C1 > (
√
2 − 1)C2. See Fig. 3.1.1. Before two discontinuities R+12 and R−31 coming from infinity arrive at their sonic
circles, they interact at point P and form two new discontinuities R−24 and R
+
43 which are tangential to the sonic circles C2 and
C3 at points A and B, and end at them, respectively. The boundary of constant state ④ consists of two discontinuities R−24 and
R+43 and the arc AˆB of C4. The contact discontinuity J
+
23 arrives at the point D on the sonic circle C2, and bends into a subsonic
domain, and a new simple wave is formed. The characteristic of constant state ③ through the point D is tangential to the
sonic circle C3 at the point E.
To demonstrate our conjecture, the numerical data that we choose are
ρ1 = 1.0, u1 = 0.0, v1 = 0.0;
ρ2 = 0.8, u2 = −0.25, v2 = 0.0;
ρ3 = 0.8, u3 = 0.0, v3 = −0.25
and the numerical results are shown in Fig. 3.1.2. It is easy to see that the density decreases along the stream line II, which
indicates that the simple wave formed is a rarefaction.
Case 1.2, C1 < (
√
2 − 1)C2. The radius of C4 is infinity, which means that the state ④ is vacuum, and there exists a new
phenomenon: the delta-shockwave of pressurewhichwas introduced by Lai, Sheng and Zheng in [38]. PA is the discontinuity
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Fig. 3.2.1. GCAM for Case 1.2.
Fig. 3.2.2. Density contours and Mach contours withM = 1.0 (bold).
line between the state ② and vacuum, and PB is the discontinuity line between the state ③ and the vacuum (see Fig. 3.2.1).
The boundary of the subsonic domain consists of PA

AˆD
‘DFE  E¯GB BP . The numerical solutions shown in Fig. 3.2.2 are
consistent with the conjecture. The numerical data that we choose for Fig. 3.2.2 are as follows:
ρ1 = 2.0, u1 = 0.0, v1 = 0.0;
ρ2 = 1.0/1.5, u2 = −1.0, v2 = 0.0;
ρ3 = 1.0/1.5, u3 = 0.0, v3 = −1.0.
Case 2, J+2S: S+12J−23S−31. In this case, we choose θ1 = π/2, θ2 = π/4 and θ3 = 5π/4. The inequalities for ρ are ρ1 < ρ2 = ρ3,
and they satisfy that
u2 − u1 = −
Ç
1
ρ2
− 1
ρ1
å
, v2 = v1, ρ1 < ρ2;
v3 − v1 = −
Ç
1
ρ3
− 1
ρ1
å
, u3 = u1, ρ1 < ρ3;
ρ2 = ρ3.
There are two subcases and we discuss them as follows.
Case 2.1, the sonic circles C2 and C3 intersect at two points.
Case 2.1.1, the λ+ characteristic of constant state② starting from the pointD intersects the discontinuity S−24 which is formed
by the interaction of S+12 and S
−
31. This case differs from the case 2J + 2S : S+12J−23J+34S−41 in [36]. S+12 and S−31 interact at the point
P before they arrive at their ending points and two new discontinuities S−24 and S
+
34 are formed, where the constant state④ is
a new state; see Fig. 3.3.1.
The sonic circle of the constant state④ is tangential in the interior to sonic circleC3 at the pointB. The contact discontinuity
J−23 arrives at the point D on the sonic circle C3 and begins to bend, exits a simple wave which interacts with S
−
24 and ends on
the sonic curve EF . S−24 penetrates the simple wave and ends at the point E on the sonic curve EF , finally.
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Fig. 3.3.1. GCAM for Case 2.1.1.
Fig. 3.3.2. Left: density contours (light), Mach contours withM = 1.0 (bold) and stream lines I and II (arrow); right: plot of ρ(s) versus s along stream lines
I (s = y) and II (s = y).
The numerical results are shown in Fig. 3.3.2, and the numerical data are as follows:
ρ1 = 0.8, u1 = −0.45, v1 = −0.45;
ρ2 = 1.25, u2 = 0.0, v2 = −0.45;
ρ3 = 1.25, u3 = −0.45, v3 = 0.0.
From Fig. 3.3.2, we can see that the density jumps at some point along the stream line I, which indicates the existence of
a compression discontinuity. We also see that the density increases along stream line II, which indicates the existence of a
compression simple wave.
Case 2.1.2, simple wave exiting from J−23 does not interact with the new discontinuity S
−
24. The boundary of the subsonic
domain consists of AˆB

B¯GD
‘DFE ıEA; see Fig. 3.4.1. We choose the numerical data as follows:
ρ1 = 1.0/1.1, u1 = −0.10, v1 = −0.10;
ρ2 = 1.0, u2 = 0.0, v2 = −0.10;
ρ3 = 1.0, u3 = −0.10, v3 = 0.0
and the time is T0 = 0.15. The numerical results are shown in Fig. 3.4.2.
Case 2.2, the sonic circles C2 and C3 are separated. In this case, we will discover the interaction of the delta-shock wave and
simple waves in two-dimensional Chaplygin gas. Some of the characteristics of constant states ② and ③ will overlap; one
of the diagonals is PSd. After S+12 and S
−
31 intersect at point P , we get the delta-shock wave pointing to its singular point
( u2+u32 ,
v2+v3
2 ). Before the delta-shock wave arrives at its singular point, a simple wave exiting from J
−
23 interacts with it at
point Q and the delta-shock wave bends and ends at point T ; see Fig. 3.5.1.
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Fig. 3.4.1. GCAM for Case 2.1.2.
Fig. 3.4.2. Density contours (light) and Mach contours withM = 1.0 (bold).
To demonstrate the conjecture, we choose numerical data as follows:
ρ1 = 1.0/1.5, u1 = −1.0, v1 = −1.0;
ρ2 = 2.0, u2 = 0.0, v2 = −1.0;
ρ3 = 2.0, u3 = −1.0, v3 = 0.0.
The numerical solutions are shown in Fig. 3.5.2.
Case 3, J + S + R. In this case, the inequalities of ρ are ρ1 > ρ2 = ρ3, and they satisfy that
u2 − u1 = −
Ç
1
ρ2
− 1
ρ1
å
, v2 = v1, ρ1 > ρ2;
v3 − v1 =
Ç
1
ρ3
− 1
ρ1
å
, u3 = u1, ρ1 > ρ3;
ρ2 = ρ3.
There are four subcases.
Case 3.1, R+12J
+
23S
+
31. In this case, we choose θ1 = π/2, θ2 = 3π/4, θ3 = 3π/4. J+23 arrives at the point B on the sonic circle C2
and exits a simple wave whose λ− characteristic BE interacts with S+31 whether or not. So there are the following two cases.
Case 3.1.1, C2 <
√
2C1. In this case, the λ− characteristic BE does not intersect S+31 and is tangential to the circle C3; see
Fig. 3.6.1. R+12 and S
+
31 arrive at the points A and F and are tangential to their sonic circles, respectively. The boundary of the
subsonic domain consists of the sonic curve‘BDE, the arc BˆA on the circle C2, the arc AˆF on the circle C1 and the arc ıEF on the
circle C3.
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Fig. 3.5.1. GCAM for Case 2.2.
Fig. 3.5.2. Left: density contours, Mach contours withM = 1.0 (bold), characteristics (arrow, light) and stream lines RS and QS (arrow, bold); right: plot
of ρ(s) versus s along stream lines RS (s = y) and QS (s = y), and the density jumps greatly at point S, which implies a delta-shock wave existence.
The numerical data are as follows:
ρ1 = 1.0, u1 = 0.0, v1 = 0.0;
ρ2 = 0.8, u2 = −0.25, v2 = 0.0;
ρ3 = 0.8, u3 = 0.0, v3 = 0.25
and the numerical solutions are shown in Fig. 3.6.2.
Case 3.1.2, C2 >
√
2C1. Before the λ− characteristic BE arrives at its sonic circle C3, it intersects S+31. After J
+
23 arrives at the
sonic circle C2, it bends and exits a simple wave which interacts with S+31 and ends up at the sonic curve”GF , tangentially.
Meanwhile, S+31 penetrates part of the simple wave and ends up at the sonic curve”GF tangentially; see Fig. 3.7.1. We also
see numerical results which are shown in Fig. 3.7.2. The numerical data are
ρ1 = 1.0, u1 = 0.0, v1 = 0.0;
ρ2 = 0.5, u2 = −1.0, v2 = 0.0;
ρ3 = 0.5, u3 = 0.0, v3 = 1.0
and the time is T0 = 0.075.
The results in Fig. 3.7.2 imply that a compression simple wave exiting from J+23 is penetrated by S
+
31 and changes into
another compression simple wave which ends on the sonic curve.
Case 3.2, S+12J
−
23R
+
31. This case is similar to Case 3.1.1; see Fig. 3.8.1. The numerical solutions are shown in Fig. 3.8.2, and the
numerical data are
ρ1 = 0.8, u1 = −0.45, v1 = 0.45;
ρ2 = 1.25, u2 = 0.0, v2 = 0.45;
ρ3 = 1.25, u3 = −0.5, v3 = 0.0.
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Fig. 3.6.1. GCAM for Case 3.1.1.
Fig. 3.6.2. Density contours and Mach contours withM = 1.0 (bold).
Fig. 3.7.1. GCAM for Case 3.1.2.
Case 3.3. J+12S
−
23R
−
31. In this case, we let θ1 = π/2, θ2 = π/2 and θ3 = π . J+12 arrives at the point A on the sonic circle C3 and
R−31 is tangential to C3 at point A and ends at it. After J
+
12 arrives at the point A, it begins to bend and exits a simple wave
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Fig. 3.7.2. Left: density contours, Mach contours with M = 1.0 (bold) and stream lines I and II (arrow); right: plots of ρ(s) along stream lines I (s = y)
and II (s = x).
Fig. 3.8.1. GCAM for Case 3.2.
Fig. 3.8.2. Density contours and Mach contours withM = 1.0 (bold).
whose λ− characteristics are tangential to the sonic curve”BD. S−23 is tangential to the sonic circles C2 and C3 at point E; see
Fig. 3.9.1.
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Fig. 3.9.1. GCAM for Case 3.3.
Fig. 3.9.2. Left: density contours, Mach contours with M = 1.0 (bold) and stream lines I and II (arrow); right: plots of ρ(s) versus s along stream lines I
(s = x) and II (s = y).
We also see numerical results which are shown in Fig. 3.9.2 and choose the numerical data as follows:
ρ1 = 2.0, u1 = 0.0, v1 = 0.75;
ρ2 = 2.0, u2 = 0.0, v2 = −0.75;
ρ3 = 0.8, u3 = 0.0, v3 = 0.0.
Along stream line I, we find that the density decreases in the simple wave, which indicates that the simple wave is a
rarefaction.
Case 3.4, J−12R
−
23S
−
31. We choose the same values of θi, i = 1, 2, 3, as for case 3.3. J−12 arrives at sonic point A, bends to the
subsonic domain and arrives at sonic point E. A simple wave adjacent to the constant state ① is formed and S−31 penetrates
the simple wave. In the course of their interaction, a new compression simple wave is formed and ends on sonic curve”DE
finally; see Fig. 3.10.1. The numerical solutions are shown in Figs. 3.10.2 and 3.10.3.
The numerical data are
ρ1 = 0.8, u1 = 0.0, v1 = −0.45;
ρ2 = 0.8, u2 = 0.0, v2 = 0.45;
ρ3 = 1.25, u3 = 0.0, v3 = 0.0.
Along stream lines I and II, the density increases, which indicates that there exist two compression simple waves.
G. Wang et al. / J. Math. Anal. Appl. 393 (2012) 544–562 557
Fig. 3.10.1. GCAM for Case 3.4.
Fig. 3.10.2. Left: density contours, Mach contours with M = 1.0 (bold) and stream lines I and II (arrow); right: plots of ρ(s) versus s, along stream lines
I (s = x) and II (s = x).
Fig. 3.10.3. Characteristics and Mach contours withM = 1.0.
Case 4, 3J . In this case, the inequalities for ρ are ρ1 = ρ2 = ρ3. There are two subcases.
Case 4.1, 3J+ : J+12J+23J+31. We choose θ1 = 3π/4, θ2 = π/2 and θ3 = 3π/4. This case is similar to the case 4J+ in [36].
J+12, J
+
23 and J
+
31 arrive at the points A, E and H on the sonic circles C1, C2 and C3, respectively. Then the three J bend into a
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Fig. 3.11.1. GCAM for Case 4.2.1.
Fig. 3.11.2. Left: density contours, Mach contours withM = 1.0 (bold) and stream lines I, II and III (arrow); right: plots of ρ(s) versus s, along stream lines
I (s = y), II (s = x) and III (s = x).
subsonic domain and curl up at the end with a spiral in the subsonic domain; see Fig. 3.11.1. Three rarefaction simple waves
are formed adjacent to the constant states ①, ② and ③, respectively. The numerical data that we choose are as follows:
ρ1 = 2.0, u1 = −0.3, v1 = 0.3;
ρ2 = 2.0, u2 = −0.3, v2 = −0.3;
ρ3 = 2.0, u3 = 0.3, v3 = −0.3
and T0 = 0.2, and the numerical solutions are shown in Figs. 3.11.2–3.11.3, demonstrating the conjecture.
Case 4.2, J+12J
−
23J
+
31. We choose θ1 = 5π/4, θ2 = π/2 and θ3 = π/4. Three are two subcases.
Case 4.2.1, the sonic circles C2 and C1 do not intersect and we also obtain that the sonic circles C2 and C3 do not intersect. J−23
and J+31 arrive at the points D and E on the sonic circle C3, respectively, and intersect at point F . A delta-shock wave coming
from the point F points toward its singular point. J+12 arrives at the point A on the sonic circle, begins to bend and exits a
simple wave which interacts with the delta-shock wave. The delta-shock wave penetrates the simple wave and bends up at
the end on the sonic curve; see Fig. 3.12.1. To demonstrate our conjecture, we choose the numerical data as follows:
ρ1 = 2.0, u1 = 0.5, v1 = 1.0;
ρ2 = 2.0, u2 = 0.5, v2 = −0.5;
ρ3 = 2.0, u3 = −1.0, v3 = −0.5.
The numerical results are shown in Figs. 3.12.2–3.12.3.
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Fig. 3.11.3. Characteristics (arrows) and Mach contours withM = 1.0.
Fig. 3.12.1. GCAM for Case 4.2.1.
Fig. 3.12.2. Density contours, characteristics (arrows), Mach contours withM = 1.0 and stream lines PS and QS.
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Fig. 3.12.3. Left: plots of ρ(s) versus s, along stream lines PS (s = y) and QS (s = y); there appears a dramatic change in the density at point S, which
indicates the existence of a delta-shock wave. Right: enlarged view from the left figure. We find that there is a rarefaction simple wave.
Fig. 3.13.1. Left: characteristics (arrows) and Mach contours withM = 1.0. Right: enlarged view from the left figure.
Case 4.2.2, the sonic circles C2 and C1 intersect at two points. In this case, J+12 and J
−
23 arrive at the points A and B on the sonic
circles C1 and C3, respectively. The λ− characteristic exiting from the point Amay intersect the λ+ characteristic exiting from
the point B. So, there are two kinds of cases. Denote the distance between the circle centers of C2 and C3 by r .
(a) r > (
√
2−1)C2 = (
√
2−1)C3. The λ− characteristic‘ADE intersects with the λ+ characteristic‘BDF at pointD. There exist
two simple wave domains. Both of the simple waves will interact with each other and the domain of interaction consists of
the λ− characteristic”DE, λ+ characteristic”DF and sonic curve EF ; see the numerical results which are shown in Fig. 3.13.1.
The numerical data that we choose are as follows:
ρ1 = 1.0, u1 = 0.40, v1 = 0.40;
ρ2 = 1.0, u2 = 0.40, v2 = −0.40;
ρ3 = 1.0, u3 = −0.40, v3 = −0.40.
Two simple waves are formed adjacent to the constant state② and a simple wave is also formed adjacent to the constant
state ③. The numerical results in Fig. 3.13.2 show that the three simple waves are compression ones.
(b) r < (
√
2− 1)C2 = (
√
2− 1)C3. Unlike in the above case, the two simple waves do not interact with each other; see the
numerical results which are shown in Fig. 3.14. The numerical data are
ρ1 = 1.0, u1 = 0.15, v1 = 0.15;
ρ2 = 1.0, u2 = 0.15, v2 = −0.15;
ρ3 = 1.0, u3 = −0.15, v3 = −0.15.
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Fig. 3.13.2. Left: density contours, Mach contours withM = 1.0 (bold) and stream lines I and II (arrow); right: plots of ρ(s) versus s; compression simple
waves are found along stream lines I (s = y) and II (s = x).
Fig. 3.14. Density contours and Mach contours withM = 1.0 (bold).
References
[1] T. Zhang, Y.X. Zheng, Conjecture on the structure of solutions of the Riemann problem for two-dimensional gas dynamics systems, SIAM J. Math. Anal.
21 (1990) 593–630.
[2] T. Chang, G.-Q. Chen, S.-L. Yang, On the 2-D Riemann problem for the compressible Euler equations, I. Interaction of shock and rarefaction waves,
Discrete Contin. Dyn. Syst. 1 (1995) 555–584.
[3] T. Chang, G.-Q. Chen, S.-L. Yang, On the 2-D Riemann problem for the compressible Euler equations, II. Interaction of contact discontinuities, Discrete
Contin. Dyn. Syst. 6 (2000) 419–430.
[4] C.W. Schulz-Rinne, J.P. Collins, H.M. Glaz, Numerical solution of the Riemann problem for two-dimensional gas dynamics, SIAM J. Sci. Comput. 4 (1993)
1394–1414.
[5] X.D. Liu, P.D. Lax, Positive schemes for solving multi-dimensional hyperbolic systems of conservation laws, J. Comp. Fluid Dyn. 5 (1996) 133–156.
[6] P.D. Lax, X.D. Liu, Solution of two-dimensional Riemann problems of gas dynamics by positive schemes, SIAM J. Sci. Comput. 19 (1998) 319–340.
[7] A. Kurganov, E. Tadmor, Solution of two-dimensional Riemann problem for gas dynamics without Riemann problem solvers, Numer. Methods Partial
Differential Equations 18 (2002) 548–608.
[8] J.Q. Li, T. Zhang, S.L. Yang, The two-dimensional Riemann problem in gas dynamics, in: Pitman Monographs, vol. 98, Longman, 1998.
[9] J. Glimm, X.M. Ji, J.Q. Li, X.L. Li, P. Zhang, T. Zhang, Y.-X. Zheng, Transonic shock formation in a rarefaction Riemann problem for 2-D compressible
Euler equations, SIAM J. Appl. Math. 69 (3) (2008) 720–742.
[10] J.Q. Li, Global solutions of an initial value problem for two-dimensional compressible Euler equations, J. Differential Equations 179 (2002) 178–194.
[11] J.Q. Li, On the two-dimensional gas expansion for the compressible Euler equations, SIAM J. Appl. Math. 62 (2002) 831–852.
[12] J.Q. Li, T. Zhang, Y.X. Zheng, Simple waves and a characteristic decomposition of the two dimensional compressible Euler equations, Comm. Math.
Phys. 267 (2006) 1–12.
[13] J.Q. Li, Y.X. Zheng, Interaction of rarefaction waves of the two dimensional self-similar Euler equations, Arch. Ration. Mech. Anal. 193 (2009) 623–657.
[14] J.Q. Li, Z.C. Yang, Y.X. Zheng, Characteristic decompositions and interactions of rarefaction waves of 2-D Euler equations, J. Differential Equations 250
(2011) 782–798.
[15] K. Song, Y. Zheng, Semi-hyperbolic patches of solutions of the pressure gradient system, Discrete Contin. Dyn. Syst. 24 (2009) 1365–1380.
[16] J.Q. Li, W.C. Sheng, T. Zhang, Y.X. Zheng, Two-dimensional Riemann problems: from scalar conservation laws to compressible Euler equations, Acta
Math. Sci. (Ser. B) 29 (4) (2009) 777–802.
[17] M.J. Li, Y.X. Zheng, Semi-hyperbolic patches of solutions of the two-dimensional Euler equations, Arch. Ration. Mech. Anal. 201 (3) (2011) 1069–1096.
[18] Z.H. Dai, T. Zhang, Existence of a global smooth solution for a degenerate Goursat problem of gas dynamics, Arch. Ration. Mech. Anal. 155 (2000)
277–298.
[19] A.M. Tesdall, J.K. Hunter, The triple point paradox for the nonlinear wave system, SIAM J. Appl. Math. 63 (2002) 42–61.
[20] A.M. Tesdall, R. Sanders, B.L. Keyfitz, Self-similar solutions for the triple point paradox in gas dynamics, SIAM J. Appl. Math. 67 (2006) 321–336.
562 G. Wang et al. / J. Math. Anal. Appl. 393 (2012) 544–562
[21] A.M. Tesdall, R. Sanders, B.L. Keyfitz, Self-similar solutions for the triple point paradox in gas dynamics, SIAM J. Appl. Math. 68 (2008) 1360–1377.
[22] M.S. Turner, Dark energy and the new cosmology, arxiv:astro-ph/0108103.
[23] Y.X. Zheng, Existence of solutions to the transonic pressure gradient equations of the compressible Euler equations in elliptic regions, Comm. Pure
Appl. Math. 22 (1997) 1849–1868.
[24] Y.X. Zheng, A global solution to a two-dimensional Riemann problem involving shocks as free boundaries, Acta Math. Appl. Sin., Engl. Ser. 19 (2003)
559–572.
[25] Y.X. Zheng, Two-dimensional regular shock reflection for the pressure gradient system of conservation laws, Acta Math. Appl. Sin. Engl. Ser. 22 (2)
(2006) 177–210.
[26] S. Chaplygin, On gas jets, Sci. Mem. Moscow Univ. Math. Phys. 21 (1904) 1–121.
[27] H.S. Tsien, Two dimensional subsonic flow of compressible fluids, J. Aeron. Sci. 6 (1939) 399–407.
[28] T. von Karman, Compressibility effects in aerodynamics, J. Aeron. Sci. 8 (1941) 337–365.
[29] V. Gorini, A. Kamenshchik, U. Moschella, The Chaplygin gas as a model for dark energy, General Relativity and Quantum Cosmology (gr-qc) 23 (2004)
arxiv:gr-qc/0403062.
[30] Norman Cruz, Samuel Lepe, Francisco Pen¨a, Dissipative generalized Chaplygin gas as phantom dark energy physics, Phys. Lett. B 646 (2007) 177–182.
[31] M.R. Setare, Holographic Chaplygin gas model, Phys. Lett. B 648 (2007) 329–332.
[32] M.R. Setare, Interacting holographic generalized Chaplygin gas model, Phys. Lett. B 654 (2007) 1–6.
[33] M. Born, L. Infeld, Foundations of the new field theory, Proc. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. A144 (1934) 425–451.
[34] Y. Brenier, Solutions with concentration to the Riemann problem for one-dimensional Chaplygin gas equations, J. Math. Fluid Mech. 7 (2005)
S326–S331.
[35] D. Serre, Multidimensional shock interaction for a Chaplygin gas, Arch. Ration. Mech. Anal. 191 (2009) 539–577.
[36] L.H. Guo, W.C. Sheng, T. Zhang, The two-dimensional Riemann problem for isentropic Chaplygin gas dynamic system, Comm. Pure Appl. Anal. 9 (2)
(2010) 431–458.
[37] G.D.Wang, The numerical generalized characteristic analysismethod in gas dynamics, Ph.D. Thesis, Department ofMathematics, Shanghai University,
China, 2010.
[38] G. Lai, W.C. Sheng, Y.X. Zheng, Simple waves and pressure delta waves for a Chaplygin gas in multi-dimensions, Discrete Contin. Dyn. Syst. 31 (2)
(2011) 489–523.
[39] D.X. Kong, Y.Z.Wang, Global existence of smooth solutions to two-dimensional compressible isentropic Euler equations for Chaplygin gases, Sci. China
Math. 53 (3) (2010) 719–738.
[40] J.Q. Li, S.L. Yang, Two-dimensional Riemann problem for gas dynamics system in three pieces, J. Comput. Math. 17 (3) (1999) 327–336.
[41] H. Cheng, W. Liu, H. Yang, Two-dimensional Riemann problem for zero-pressure gas dynamics with three constant states, J. Math. Anal. Appl. 343
(2008) 127–140.
[42] C. Shen, M. Sun, The Riemann problem for the pressure-gradient system in three pieces, Appl. Math. Lett. 22 (2009) 453–458.
[43] M. Sun, C. Shen, On the Riemann problem for 2D compressible Euler equations in three pieces, Nonlinear Anal. 70 (2009) 3773–3780.
[44] Y.X. Zheng, Systems of Conservation Laws: Two-Dimensional Riemann Problems, in: PNLDE, vol. 38, Birkhäuser, Boston, MA, 2001.
[45] W.C. Sheng, G.D. Wang, T. Zhang, Critical transonic shock and supersonic bubble in oblique rarefaction wave reflection along a compressive corner,
SIAM J. Appl. Math. 70 (8) (2010) 3140–3155.
[46] P. Zhang, J.Q. Li, T. Zhang, On two-dimensional Riemann problem for pressure-gradient equations of Euler system, Discrete Contin. Dyn. Syst. 4 (1998)
609–634.
